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Abstract

We propose an algorithm to construct the minimal annihi-
lating operator of a function or a sequence, when the op-
erator is completely factorable (i.e. can be decomposed in
first order factors). The algorithm is designed in the frame
of the Ore rings theory and can be used in the differential,
difference and g-difference cases. We describe also a Maple
implementation of the algorithm.

1 Introduction

Constructing a linear ordinary differential operator annihi-
lating a function (an annihilator of the function) is neces-
sary when solving many computer algebra problems. We list
some of these problems.

P1. Expanding a function as a power series and sub-
sequently investigating the expansion. An annihilator lets
one construct the recurrence for the series coefficients and
manipulate them ([14, 17]).

P2. Solving linear inhomogeneous equations. Some
methods use annihilators of the right-hand side ([4, 8)).

P3. Integrating. If the minimal annihilator L, ord L =
n, of f is given, then one can check whether there exists a
primitive of f with an n-th order minimal annihilator. If
yes, then it is possible to express the primitive explicitly via
7 (f9)).

P4. Recognizing the equivalence of two given functions.
If the common annihilator of both the functions is given,
then it suffices to check the agreement between the corre-
sponding "initial conditions” (a classical approach).

The minimal annihilator, i.e. the annihilator of the low-
est order, is the most informative. Note that to solve P3
only the minimal annihilator of f is suitable. Applying
algorithm [8] to an equation with a d’Alembertian right-
hand side guarantees that all d’Alembertian solutions will
be found only in the situation when the minimal annihilator
of the right hand side, decomposed in first order factors, is
given. (A function is d’Alembertian if it has a completely
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factorable annihilator, i.e. an annihilator, which can be de-
composed in first-order factors.) In P1, P4 manipulating
the minimal annihilators reduces the cost of the investiga-
tion.

In this paper we propose an algorithm to search for the
minimal annihilator L of a given d’Alembertian f. Our main
result is an algorithm which, given an expression E, com-
posed of d’Alembertian elements by the signs of the oper-
ations of addition and multiplication, constructs the com-
pletely factored minimal annihilator of E. It is assumed
that all the d’Alembertian components of E are given with
their completely factored (i.e. decomposed in first order fac-
tors) minimal annihilators. Together with the algorithm we
describe its Maple implementation.

It is easy to observe that P1 - P4 can be considered not
only in the differential case but also in the difference and
the g-difference cases. The concept of Ore rings ([16, 10,
11, 12, 13]) lets one design universal algorithms which can
be adjusted on one or another concrete case. The algorithm
and the program described below are universal and find the
minimal annihilators in all cases covered by the Ore ring
approach.

2 Generalities

Let k be a field of characteristic zero, X an indeterminate
over k, 0 an automorphism of k, and § : k - k a map
satisfying
d(a +b) = da + db, 6(ab) =o(a) Sb+dab (1)

for any a,b € k. Then we can consider the Ore ring k{X; 0, 6}
of polynomials in X over k with the usual polynomial addi-
tion + and multiplication o given by X oa = o(a)X + éa
for any a € k ([16, 10, 11)).

Let K be o, 8-compatible extension ring of the field k, i.e.
o can be extended to an automorphism of K and 4 can be
extended to a map K — K holding (1) for any a,b € K. A
map @ : K — K, is pseudo-linear with respect to o, 4, if

(u + v) = 0u + v, 6(uv) = o(u) fv + du v.

for any u,v € K.

We assume that the constant subring of K (i.e. the set of
all @ € K such that o(a) = a, da = 0) is a field. Furthemore,
we assume that this field is equal to the constant field of &k
and denote it Const.



We can consider the ring k[] of operators K — K of the
form p(#), p(X) € k[X:0,8]. These operators are linear over
Const.

It is assumed that if a first-order equation Fy = 0, F €
k[6], has a nonzero solution in a o, §-compatible extension of
the field &, then the equation has a nonzero solution in K.
These solutions form the set Hy C K of hyperezponential el-
cments. Any element of Hy is invertible in K. An equation
Py = 0 and the operator P are called completely factorable
if P can be decomposed as the product of first-order opera-
tors over k. Solutions of all completely factorable equations
form the linear (over Const) space Ay C K of d’Alembertian
clemnents. It is casy to see that Hyg C Ag.

Let L € k[6] and § be the space of solutions of Ly = 0
belonging to A= We assume that dimS < ord L in this
situation.

We will also use the following notions which have been
defined 1w {7, 8}.

¢ the operator ¥V, which is the minimal monic operator
such that V1 = 0 (an analog of % and A). It is obvi-
ous that Vf =0« f € Const,

e the set I(f), f € K, which is an analog of the indefinite
integral and sum:

I{fy={d | Vd = f}.

If fe K del(f), co € Const, then d+ co € I{f)
and, vice versa, for any d;,d2 € I(f) we have d; —ds €
Const. We assume that I(f) is not empty for any f €
K. If {{is aset of elements of K, then I(U{) denotes
the set of all d such that Vd € /. We write for brevity

I fi,... fm)instead of fiI{f2I(fs ... fm—1I(fm)..));
e d’Alembertian space
I((plv"')‘p"lao)v (2)
where ¢y, ..., @m € My is a generalization of
o [ o ften for
and

21y (02 ) (D (om D 0).).

It is easy to see that

I(p:1. ) CI(p1,92,0) C...CI(p1,-..,¥m,0).

If a d’Alembertian space A is given, then we can
construct the completely factorable operator over k
such that A is its solution space and vice versa (see
(5),(6),(7) below).

Let #l =c € k,then8 =8, =co+dand V=60-c If
a # 1, then we assume that there exists a € k such that § =
a{e — 1). From now on we will use the notations a for this
value only.

We will consider the following two cases:
1,¢=0 3)
and

c#1, c=0,a=1 (9)
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In these two cases # = V and we will use the notation k[V]
rather then k[f]. It is easy to show that the general cases
can be reduced to the cases (3),(4). In the general case
the substitution # = V + ¢ transforms an element of k[6]
to an element of k{V]. The substitution ¥V = 6§ — ¢ returns
operators to k[f)].
If L € k[f] then going this way we transform L to L' €
k[V] such that ord L = ord L' and Lf = L' f for any f € K.
We denote by Fi the set of all completely factorable el-
ements of k[V]. An element of F; can be presented in the
form g(V ~hm)o---0(V —h,), where g, h;,.... h, € k. We
will assume (unless otherwise stated) that the leading coef-
ficients of elements of i under consideration are equal to 1
or, equivalently, the elements are monic. Such a completely
factorable operator can be written as
(V—hm)o---0(V—hy) (5)
with hy, ..., hm € k.
Let L € Fi have the form (5) and ny,...,nm € Hi be
such that
Vi
i
Then the general solution of the equation L(y) = 0 can be
written (see [7]) in the form (2), where

hi,i=1,..

,m.

T

=m, pi = yi=2,..,m (6)
oo a(n.21)
and, respectively,
m=pu, m=0" () ) oo )en (g
i=2,...,m.

We call L € k[V] an annihilator of f € K if L(f) = 0.
In this paper we will consider the questions of constructing
a completely factorable annihilator of one or other concrete
element of A;. The problem is equal to the problem of
constructing a d’Alembertian space which includes this ele-
ment. It is desirable to get the minimal annihilator (i.e. the
anmihilator of the lowest possible order) of a given a € A;.

The question of minimality will be discussed in Section 4.
Now we limit our attention to the search for any completely
factorable annihilator. If any completely factorable annihi-
lator exists then the minimal annihilator will be completely
factorable.

Let L,,L, € Fi be completely factorable annihilators
of a,b € Ax. Recall that then a + b is annihilated by the

operator
M =ILCM (L., L) (8)

(from here on ILCM is the left least common muitiple and,
respectively, rGCD is the right greatest common divisor).

Due to Ore'’s theory ({16, 7]) the operator M is com-
pletely factorable. This theory lets one find M in the com-
pletely factored form if the corresponding factorizations of
L. and L; are known. More precisely, this theory says
that if we let R,S € k[V] and R/S be the left quotient
of ILCM(R,S) by S:

ILCM(R,S) = (R/S)0 S = (S/R)o R,

then any solution of R(y) = 0 is mapped by operator S into
a solution of the equation (R/S)(y) = 0, and the following
propositions hold:

O1. ord(R/S) = ord R — ord rGCD(R, S);



02. If R is irreducible then so is R/S;
03. IfR= R10R20~-'0Rm and Rl,Rz,.,
are monic then

R[S =(Ri/S1)o(R2/S2)0 -0 (Rm/Sm),

where §; = S/(Rj41 0 Rjy20---0Rp) for j=1,...,m.

We can find (8) in the completely factorable form as fol-
lows: using the factorization of L, apply O3, to get a factor-
ization of Lo /Ly in first order factors; then take (L, /Lp)oLs.

Observe, that this approach gives a d’Alembertian space
which contains a + b. Let two d’Alembertian spaces A, B of
the form (2) be given. Then using (7), (6) and ILCM pro-
cedure we can construct such a d’Alembertian space which
is equal to the set

R € K[f)

A+B={a+bla€ A be B}.

It is interesting that Ax is not only a linear space over
Const, but a ring as well:

a,b€e A, = ab e A, (9)
([6]). In the next section we give a proof of this and propose
a procedure to construct a completely factorable annihilator
of ab, if annihilators L., Ly € Fi of a,b € A are given.

3 Annihilators of products

We can prove (9) using induction on m + »n, where m and
n are the orders of Lo, L, € Fi which annihilate a and b.
But unlike the case a + b, here it is most convenient to use
d’Alembertian spaces instead of annihilators.

Show that the product of d'Alembertian spaces A and
B, i.e. the set

AB = {abla€ A, be B}

is a d’Alembertian space. Let A and B be given in the form
I{p1,...,pm,0) and, respectively,

1(¢1, "-71/)1170)'

The case m +n = 0 is the case m = 0,n = 0 and there
is nothing to prove. If either m = 0 or n = 0 then the
statement is also obvious. Consider the case m > 0,n > 0.
First of all observe that

‘lelI(la P2, .0 ‘pm’O)I(lva ---xd)ﬂ)o) =
= WIwII(V(I(I\ P2y .y ‘Pnno)l(la 11’27 ey d)nl 0)))’

because

C(Pﬂ/)l € (lell(lyw?y"', ‘Pmyo)I(lva: "'711)"70)
for any C € Const. Hence we have

AB = <P1¢'11(1.<P2,---,‘Pm,O)I(l,"/’%--~»¢ny0) =

= Wl¢11(v(1(11 w2, ---1<Pm»0)1(17¢21 ,'/Jn,O))) =
= ‘lell(a(I(lv‘PQa ey Pmy 0))V(1(1,¢21,¢n,0))+
+V(1(11‘p2a~-~$(pm10))1(13¢23'-~11pns0))
= <P1¢11(U(1(1,<92,~--a<Pm,0))1(¢'2,-~,¢m0)+
+I(qoz,...,(pm,[))I(l,l,ZJz,4..,’(})”,0)).

(10)

- (11)

Note that oI(1, 2, ..., om,0) is the d’Alembertian space

I(L"(‘P?)r '-'70((pm)1 0)

292

The products

0(1(1)‘%’2: ey SOmyO))I(U)% '~-’¢ﬂ)0)

and
I((PZ, ey ‘Pm,O)I(lﬂpz’, ~"7¢ﬂv0)

by the induction hypothesis are some d’Alembertian spaces
G1 and G2. The sum G, + G2 is a d’Alembertian space G,
which can be constructed as we saw in the previous Section.
Since

AB = I{(¢p191,G)

the statement is proved.

Let R, 5 € Fi be such that A is the solution space of
R while B is the solution space of S (i.e., Ker R = A and
Ker S = B).

The symmetric product R ® S of two operators is the
minimal operator annihilating all products ab such that a €
Ker R, b € KerS. By (11) we have that if R, S € Fi then
R® S is spanned by ab, a € Ker R, b€ Ker S, and R® S €
Fi. Before giving a formula for R ® S we write down the
following properties of completely factorable operators ([7]).
Let

(12)

Ker (V= )00 (V= T2)) = L, .. 0,0), (13)
where n1,...,m,¢1,...,901 € Hig, 1 > 1. Then
m=¢1 (14)
and
Ker (V- Tl)o.. 0 (V - ¥2)oo(m)) = (15)

= I((pz, "-,(PI,O),

Ker((V—-‘%L)o---o(V—V—nZZ)oa(m)oV)z

=I(1,¢pa,...,41,0), (16)
Ker((V—_V;:lL)o,..o(V__V;P)O
oo(L)o(V - L)) = 17)

= I(‘Po:‘ﬁl; "'390170)3

@o € Hi. Note that the left-hand sides of (15),(16),(17) have
the form Ker (L,), Ker (L;), Ker (L3). In the general case
Ly, Lo, L3 are not operators over k, because ¢(n,) and a(;‘;)
could be not in k. But if we normalize these operators, i.e.
present each of them in the form

EV —ht)o---0(V—h)
with £ € Hg, hi, ..., At € k and take
(V—hg)o--~0(v—h1)

then an element of F; will be obtained. Denote by [Plnorm,
where P is an operator, the result of such a normalization
of P. If P is given in the usual (not factored) form, then
[Plaorm will be the result of dividing P by its leading coef-
ficient.

Now we can give a formula for R® S € F; as follows. If
R=1or S=1then R® S = 1. Otherwise let

ve

R=Rlo(v_¥),s=slo(v— .



Given the above description of the right-hand side of (12)
lets us write

L v - Y9

R® S =[ILCM(P,Q)o prpve e Nnorm

(18)

where
P = ([Rl o U(TI) o v]norm/a) ® [Sl o U(C)]norm,
Q = [Ri o o(M]norm ® [S1 0 0({) © Vnorm.

In all these cases the normalization gives elements of Fi
(it is a consequence of 1,{ € Hi). Thanks to O3 these
elements can be computed in the completely factored form.
The preceding can be formulated as the following

Proposition 1 Let an ezpression E be composed of ele-
ments of Ar by means of the operations of addition and
multiplication. Let for any d’Alembertian element found in
E its annihilator in Fy be given. Then one can construct an
annthilator of E belonging to Fi. ]

Additionally if k is a functional field (e.g. k = C(z)

and V = § ='= £) then f(g(z)) € Ai for any f(z) €
Ak, g(z) € k. Indeed, let

fx) € wl(z)/wz(r)---/wm(x)/ﬂ

flg(x)) € wl(g(r))/w(y(z))y’(z)-~/¢>m(9($))g'(r)/0,

then

resp., if
d
iz

is an annihilator of f(z) then

(@) o0 (o~ ha@)) 0 (A — ()

(£ ~ hm(g(x))g'(z) + (m - 1)9?,',—'(45)2))0
(& = hm-1(9(@)g' (@) + (m — )& o,
o (& - ha(g9(2)g (=) + LE)) o (£ — hu(g(2))g (=)

is an annihilator of f(g(x)). It is obvious that

©1(9(z)), p2(9(2))g' (z), ..., pm(g(2))g' (z) € Ha

and
h(gaNg (0) — - DL ek i=1, m
g'(z)
if‘Pl(l'),---,th(x)EHk and h],...,hm € k.

Thus in the differential case with k = C(z), the ex-
pression E above may be constructed on the base of some
known d’Alembertian functions not only by the opera-
tions of addition and multiplication but also by substitu-
tions of rational functions in z for z. It is easy to see
that sinx,cos ¢, arcsin z, arctan z,shz, chr,e®,Inz,z°(c €
C) and any rational function are d’Alembertian over C(z).
Therefore, for example,

In(z® + 1) sin + arctanzr,

1-=z
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e* she + Vi +2

and so on, are d’Alembertian functions over C(z) and one
can construct completely factorable annihilators for them.

In thecase o # 1,V = 6 = 0 — 1 the formulated addition
to Proposition 1 seems to be false. But in this case f € A
implies o (f) € Ax,t € Z. If

(V—hm)o..o(V—h)
is an annihilator of f then
(V= 0c'(hm))o..0(V —c'(h))

is an annihilator of o'(f). In the case k = C(n), a(f(n)) =
Ef(n) = f(n + 1) the following functions (sequences) are
obviously d’'Alembertian: wu, (the n—th Fibonacci num-
ber), ['(n), ¥(n) (the digamma function), ¥, (n) (the m-th
polygamma function), [[;._, R(t) (R € C(n) has no pole in
NuU{0}), and any element of C(n). Therefore, for example,

1 n
‘T:!"U.?,+1 + n—‘l’(n)

is a d’Alembertian function over C(n) and one can construct
a completely factorable annihilator for it. Corresponding
examples for the g-difference case k C(z),a(f(z)) =
Qf(z) = f(qz) also can be given.

But there is no guarantee that the approach proposed
above will give the minimal annihilator even in the case
where the minimal annihilators for the ori§inal elements are
used. The example of function sin? z 4 cos” z is quite reveal-
ing. Therefore the problem of simplifying annihilators must
be considered.

4 Minimal annihilators

In constructing the minimal annihilator the accurate inte-
gration procedure ([9]) plays a key role. First we list the
necessary facts from that paper.

An element g € K is a primitiveof f € K if Vg = f. The
problem of accurate integration is the following: let f € K
and the minimal annihilator L € k[f] of order n of f be
given. Decide whether there exists a primitive g for f such
that the minimal annihilator L of g is of order n. It has
been shown that there are three possibilities:

1. such a primitive does not exist,

2. there is a unique such primitive and L can be con-
structed,

3. all primitives of f have annihilators of order n, in which
case one can construct the family

Lec=Lo+CMo¥ (19)

of n-th order annihilators of primitives of f (M is a
fixed operator, C runs through the set of constants).
For any primitive g of f the value of C is

_ Zo(g)
M)y

(20)



Now we return to our problem: given a € Ax,V € Fi
such that V(a) = (, construct the minimal annihilator W €
Fi of a. Let

ﬂ) o 0(V— Vm
L m
and (13) takes place. By (14) and (15) the operator

Vm

V=(V- )

(V- I2yo. 0 (V= Yool

annihilates the element
a
= V(—).
! ( m)

It is enough to construct the minimal annihilator L of f and

we decide (by the accurate integration procedure) whether
a

there exists an n-th order operator L which annihilates
or not. The minimal annihilator of a is equal to

Lo ,j—llnom (21)

if it exists, and

Vm

[Loa
m

)]norm o (V - ) (22)
otherwise (due to (17)). It is easy to see that a recursive
algorithm appears.
Algorithm 1
Input: a € Ai, V --o(V—%']LL).
Output: the minimal annihilator W of a.
1. If | = ord V = 0 then the final result is 1.
2. Apply the algorithm recursively to

Vm

(V—%u)o

V) LT = )00 (¥ = ) o olmnorm.

Let an n-th order operator L be the result of the recursive
call.
3. Apply the accurate integration procedure to

a
L, V(—
(171)

and decide whether there exists an n-th order operator L
such that L(;“l—) = 0 or not. The final result W is (21) if it
exists, and (22) otherwise. D

One can observe that the result W of the last algorithm
is a non-factored operator (because the accurate integration

procedure returns non-factored operator L), though W is
completely factorable as a divisor of a completely factorable
operator. But an easy factorization is possible. In [3] has
been noted that rGCD(V, W) with V decomposed in first-
order factors can be computed in a completely factored form.
In our case W right divides V, thus rGCD(W,V) = W
thanks to [3] we get W in the wanted form.
The process was described in [3] for the differential case.
It was supposed that the d’Alembertian solution space for
V is given:
Ker (V) = I{p1, ..., om, 0),

@1,-.,¢m € Hg,. Then the d’Alembertian solution space
of rGCD(V,W) can be constructed. First we briefly de-
scribe the process for the general case and then we will
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give the algorithm, which uses a factorization of V instead
of its d’Alembertian solution space. We will denote by
LY | L € k[V],p € Hy, the operator [L 0 @lnorm/V.

Let ordW = n. If ordrGCD(V,W) > 1 then due to [3]
one can find among

W[v’l] W[m][wz] W[‘pl][‘f’ﬁl“-(‘f’m]

an operator of order < n. Let Wletlle2lled g < | < m,
be the first such an operator (note that ord W[“’ll[“’?] fea) <
ordWlerllealleisl i =1, m—1). Then

W(m][wz]---[w-ul(‘pl) =0 (23)

and all Wo ¢, W["‘]O<p2, .y W[m][vz]-'-[w-zl 011 are not
right divisible by V. This lets one find a common solution
of V(y) =0,W(y) =0 in Hi. Let ¢ = ¢; and

L = wlerllezl-ler-2] Qo1 =ba V™ + ... + b,V + bo.

Then
®=—pi- 1(—V" ‘ot + sp)

is such that
W[m][vz]m[w—z](@ =0. (24)

Now one can find a solution in H; of the equation
wleille2]--lvi-3l(y) = 0 and so on. Finally we will obtain
¥ € Hji such that W(y) = 0 and additionally V(¢) = 0
(the last is proved in [3]). Now it is enough to apply the al-
gorithm recursively to W] and to the operator V¥] whose
solution space is of order m — 1 and is the result of applying
V to I(£t,¢2,...,9m,0). Let it give an operator U and
A1, -y At € Hy be such that

Ker (U) = I(A1, ..., A, 0).

Then
Ker (rGCD(V,WY)) = I(¢), A1, ..., A, 0).

Now we can use formulas (15),(16),(17) to describe the
following algorithm.
Algorithm 2

Input: operators V =(V —hp)o---0(V—-h), WEeg
k[V].
Output: rGCD(V,W) in completely factored form.

1. Let ¢, ..., om satisfy (6). If ord W1} < ord W then set
¥ = 1 and go to 4.

2. Find the last ¢,1 < t < m, such that ord Wlw1lle1]--[ee] —
ord W. If t = m then the final result will be 1, otherwise set
[=t+1

3. Starting with wlei-lei-2] g wi-1,¢1, find ¥ € Hy
such that W(y) = 0,V (¥) = 0 as it was described above
(see (23),(24)).

4. Apply the algorithm recursively to

Vil W,
Let U be the result of the recursive call. The final result
will be 1 vy
[Uo m]nom o (V- —).

o

Constructing elements 7; in explicit form as well as op-
erating on them are eventually open to many difficulties. In
the next section we demonstrate how these difficulties can
be overcome.



5 Arithmetic of certificates

Any eclement ¢ € My can be completely determined by
r o= %t € k and by a specification of the concrete solu-
tion of the corresponding first-order equation. In the case
of a functional field & the specification can be, for example,
the value p(p) at a point p at which p(p) # 0. We will call r
in this representation the certificate of the hyperexponential
element ¢ and write down this representation in the form

{r, a specification of ¢}. (25)
The need for operations on hypergeometric elements ap-
pears, for example, in formulas (6),(7),(18),(21) and so on.
All such computations with hypergeometric elements can be
done up to an arbitrary multiplier from k. It means that, in
the context of algorithms considered here, it will be enough
to use representation {r} instead of (25). Table 1 contains
definitions of operations on certificates.

Operation | 0 #1;,V=0-1]0=15V=6#0
{r} {s} {rs+r+ s} {r +s}
5] (=5 {-r)
v{r} r{r} r{r}
a({r}) (r+1){r} {r}

Table 1: Arithmetic of certificates

Observe that any t € k (at the same time t € H};) can be
represented by {%’-} Thus we are able to perform computa-
tions with hyperexponential elements using only operations
from k.

Remark that only intermediate results of such computa-
tions will contain constructions of the form {r}, because the
final result in all algorithms has to be normalized. For ex-
ample, consider the expression wivl = (W o Y]norm/V from
Algorithm 2. Here ¢ € H,; and is represented by a certifi-
cate r. After multiplying operators W and ¢ all nonzero
coefficients of the result will have {r} as a multiplier. After
normalization this multiplier will be reduced and we get an
operator with coefficients from k. Thus, we can formulate
the following

Proposition 2 Algorithms for constructing the minimal
annthilator, accurate integration and computing rGCD in
factored form can be implemented without involving opera-
tions on hyperexponential elements but using arithmetic in
the field k only. a

6 Implementation

The algorithms from the previous sections are implemented
in Maple 5.4 [15] with k as the rational function field. An
operator a, 8" + -+ + a18 + ag is represented by Maple list
lag,ay,...,an]. An operator decomposed in the product of
operators is represented as a list of lists. For example, the
operator

. 1 x
6’ + x6 + =) (——8
(6” +z8 + o )(1: — + 1)
is represented as

(521 o, =
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A completely factorable operator in the factored form is rep-
resented as a list of lists (as above) but with first element of
the form (1], for example

we= (1) 0. 1], (-1, )
z

The user is provided with the following set of proce-
dures: set_Ore_ring, get_any, get_minimal, rged_fact,
check_prim, get_min_annih. The main procedures are
set_Ore_ring and get_min_annih. Other ones are rather
auxiliary, but could be useful themselves.

Procedure set_Ore_ring(indvar, case) sets the pro-
gram to a concrete k[X;o,8] by selecting the independent
variable and concrete 4, o, ¢ and a. It takes unassigned
names as parameters. The value of the first parameter
stands for the name of the independent variable, the value
of the second parameter selects a concrete k[X; o, 8].

Table 2 shows the collection of standard Ore rings.

case [ o |4 c | a

differential ff(z) = %f(z‘) 1 % 0l -

Eulerian 8f(zx) = zgdz—f(x) 1 xd% 0

recurrent Of(z)=Ef(z)= | E |0 110
= fz +1)

difference Of(z) =Af(z)= | E | A 011

= fz+1) - f(2)
g-recurrent | 8f(z)=Qf(z)= [ Q|0 1(0
= flgz)

g-differen- | 8f(z) =Dyf(z)=1Q ( Dy {0 1(()1_”

tial = faroi

g-difference | Of(z) = Agf(x)= | Q | Ay |0} 1

= f(qz) - f(=)

Table 2: Standard Ore rings family

In the standard cases adjustment of the program is hidden
from the user; for example, the call

set_Ore_ring(x,differential)

sets the program to the differential case with z as the inde-
pendent variable.

If the value of the second parameter is nonstandard, the
user should provide the program with procedural definitions
of 6, o, 67! and assign concrete numeric values to the con-
stants ¢ and a (if needed). For example:

delta:=proc(y) diff(y,v) * v~2/2 end;
sigma:=proc(y) y end;
sigma_1:=proc(y) y end;

c:=1;

set_Ore_ring(v,nonstandard);

Additionally the procedure k_solver which will solve k-
problems appearing in step 3 of Algorithm 1 has to be de-
clared. By the k-problem we mean (as in [8]) the problem of
solving in k a linear equation whose coefficients and right-
hand side belong to k. User defined procedure k_solver
should take two parameters: an equation to be solved and
an unknown function. It should return the result in one of
the following forms:



e { } — if there are no solutions;
e [sol, {}] — if there is a unique solution sol;

e (sol, {soll,..,soln}] (where soll,..,soln is the
basis for the solution space of the corresponding ho-
mogeneous equation, sol — a particular solution of the
inhomogeneous equation) — if there are more than one
solution.

In the standard cases we use standard Maple tools for defin-
ing of the procedure k_solver.

Procedure get_any(expr) takes an expression and re-
turns an annihilator of the expression in factored form if the
expression is composed of d’Alembertian elements by the
operations +, —, * and powering to a positive integer. For
example, after setting to the differential case as above the
call

get_any (exp(x/(x-1))+sqrt (x"2+1))
results in

'+ 652 -2+ 3 1
[[1],[(x — 1)z} —z2+z+ )z + 1)’ ]:[(1; ~1)2 ’ 1]]

The first component of this list [1] means that the polyno-
mial is presented in the normalized factored form.

Procedure get_minimal(L,expr) takes an expression
expr and its annihilator L in the normalized factored form
and returns the minimal annihilator of expr.

Procedure rged_fact(L,W) is an implementation of Al-
gorithm 2. It takes two operators (L in the factored form
and W in the non-factored form) and finds their rGCD in
the factored form.

Consider an example. After setting the program to the
differential case, we get a third order factored annihilator
for the expression « * in(z) —z + 1:

> expri=x*ln(x)-x+1;
expr :=zln(z) —z +1

> a:=get_any(expr);
2 1
a = [[1]v [;! 1]7 [Ov 1]1 [“;w 1]]
which is not minimal. After the call

> u:=get_minimal(a,expr);

z(z) =1
)
2£ii)- —(—a%l(:z))z 1
[z, {z*}]
z(x) a _
—a:(z -1) - (5; 2(z)) =1
{}
1 1 1 1

= —— o m———— 2 1
“ [xz(z—l)+z2’ z(x-1) <z’ ]
we have the minimal annihilator in the non-factored form
(first six lines above contain appearing k-problems and their
solutions). Finally with the help of rged_fact we obtain the
factored minimal annihilator of the initial expression:
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> vi=rgcd_fact(a,u);

1 1
={f1 VT T v thiT T
vi=(ll) =g 1 5 1
Procedure get_min_annih(expr) calls consecutively pro-
cedures get_any, get_minimal, rged_fact and (if the call
of get_any did not fail) returns the minimal annihilator of
the expression expr in factored form. For example

> expr:=exp(x~2)*sinh(1/x)+sqrt(x~3+2);

22) .y o1
ezpr := e B smh(;) +/z3+2

> a:=get_min_annih(expr);

0= [l1],[~3(-152" — 96 ~ 144"

- 7202'° +980° + 656 2° + 336 2°
—864z° +112z'° + 576 ' + 256 + 192 z°)

/((2® +2)2(152° + 482° — 482 — 14427
+602° —162° —16 —96z* + 16z'% + 642°)

1-2z+4228 ~142z28
) [ U 0 1]
This procedure also transforms an element of k[f] to an el-
ement of k[V] and back.

Procedure check_prim(L) takes an operator L which is
an annihilator of some expression f and decides if there ex-
ists a primitive of the expression, which can be annihilated
by an operator of the same order. If the answer is positive,
the procedure returns an annihilator for the primitive (or
the parametrized family of such annihilators) and operator
r such that r(f) is a primitive of f (or the parametrized fam-
ily of such operators). For example, the minimal annihilator
of /TIn? z in the non-factored form is

> expr:=sqrt(x)*log(x)"2;

expr = v In(z)?

> a:=fact_to_expanded(get_min_annih(expr));

11 11 31
s=lgm gz ag !
The result of the call
> check_prim(a);
271 13 1 31 26 4 , 8

3
=t T I S L Al
is the sequence of two operators: the first one is the an-
nihilator for the primitive of \/zIn’z, the second one al-
lows to get this primitive from the given expression (the call
fact_to_expanded here stands for conversion of an operator
to the non-factored form).

Consider the difference case {fib(n) stands for n-th Fi-
bonacci number):

> expr:=fib(n) "2-fib(n-1)*£fib(n+1)+(-1)"(n+1);



ezpr = fib(n)? — fib(n — 1) fib(n + 1) + (=1)("*V

:=get_any (expr);

a =[] [~5 +5 V51,121 5 - 2 V5, 1]

:=get_minimal(a,expr);

This proves that fib(n)? —fib(n—1) ib(n+1)}+(-1)" T = 0.
Remark that the time for cach of examples above does
not exeed 4 sec. on 32 MB Pentium/100 PC.
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